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k-way Partitioning

= Def. AclusterisasubsetS CcV

. d 0' e Y : .,g_,"g’
with small conductance - j/ = ;Q‘j
S S
d(S) = 'E(S?l where the volume u(S) = X,es deg(v).
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k-way Partitioning

= Def. AclusterisasubsetS CcV
with small conductance

4
P (S) = 'E(S‘;:)l where the volume u(S) = ), ,es deg(v).

= Def. The order k conductance constant %" 2+ »

plk) = partitiglll(%l +Pr) Lg[lla)lg d)(P)
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k-way Partitioning

= Def. Acluster isasubsetS cV ) o)
with small conductance % j/ 2%

S S

P (S) = 'E(Sg)l , where the volume u(S) = ), ,cs deg(v).

s’

= Def. The order k conductance constant %" 2< »

o ® o ® .:‘
p(k) partiti(gl1 1(%1 +Pr) Lg[lla )Ig gb(P ) :.ﬁ »,;,"

= Goal: Find an approximate k-way partition w.r.t p(k).
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k-way Partitioning

= Def. AclusterisasubsetS CcV
with small conductance

o max
partition (Pq,..,.Pg) i€[1l:k

| o (P;) b ;

= Goal: Find an approximate k-way partition w.r.t p(k).
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Standard Spectral Clustering Paradigm

Input: G =(V,E),3<k<«n and € € (0,1).

Output: An approximate k-way partition of V.

Andrew Ng et al [NIPS’02]:

1. Computes an approximate Spectral Embedding
(F:V — R¥) using the Power Method.

2) Run a k-means clustering algorithm to compute
an approximate k-way partition of {F(v)},ey .
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Spectral Graph Theory

= The normalized Laplacian matrix L has eigenvalues
O:A]_S"'S/lks&k_klS'"Sﬂnsz-

= Fact. A graph has exactly k connected component iff
O —_ Ak < Ak+1'
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Spectral Graph Theory

= The normalized Laplacian matrix £ has eigenvalues
0:/11SSARSAR+1SSATLS2

= Fact. A graph has exactly k connected component iff
O —_ Ak < Ak+1'

= Trevisan et al. [STOC’12, SODA’14] proved a robust
version
Me/2 < p(k) < 0(k3)/ Ay

(p(k) is NP-hard and A isin P) — approx. scheme!
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Exact Spectral Embedding

= Uy = (vq, vy, ..., 7,) € RV*® - the bottom k eigenvectors of £

i,
e n® ® R
9 o O o .;./ F: V - Rk . *. & .’.. ohe %

° ...o.‘. .' o. .ﬁ “ 2‘.

N 5> g ":#k AL

S B :... X '0...\’ %
"

= Normalized Spectral Embedding:

1
F0) = oew

Uy (v,:), forevery v e V.
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Exact Spectral Embedding

= U, = (vy,V,,...,7) € RVXk - the bottom k eigenvectors of £

oo
KT

).
®

pectral Embedding:

F(v) = . U,(v,:), foreveryv e V.

vdeg(v)
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Approximate Spectral Embedding

= [J, € RV** approximation of the bottom k eigenvectors of £

= Approximate Normalized Spectral Embedding:

F(v) = U,(v,:), forevery v e V.

1
Jdeg(v)
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Approximate Spectral Embedding

= [J, € RV** approximation of the bottom k eigenvectors of £

= Approximate Normalized Spectral Embedding:

Xy = {deg(v) many copies ofﬁ(v)| v eV}

[Point Sets:]

Xy ={F(v)|v eV}
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k-means Clustering

..
- o

Input: X = {pq, ..., p,,} With p; € R*.

Output: k-way partition of X such that

(454D = argmin Y Nlp-cl?,
partition (Xy,... X)) of X' &= pEX;

where c; is the center of X;.
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k-means Clustering

..
- o

Input: X = {pq, ..., p,,} With p; € R*.

Output: k-way partition of X such that

(45D = argmin Y Nlp-cl?,
partition (Xy,... X)) of X' | &= pEX;

where c; is the center of X;.

Def. The optimal k-means cost Is

A, (X) = cost(A7, ..., AL).
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Structural Result

= Peng et al. [COLT’15]
Y = Agyr/p (k) = Q(K?) p(k) = max_ ¢(P;)
1€[1:k]

= Our Result 1 &
W i Aper /o () 2 () pave () =2 ) $(P)
=1

{- (Py, ..., P;) Is an optimal k-way partition of G w.r.t. p(k)}
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Structural Result

= Peng et al. [COLT’15]
Y = Agyr/p (k) = Q(K?) p(k) = max_ ¢(P;)
1€[1:k]

= Our Result 1 &
W i Aper /o () 2 () pave () =2 ) $(P)
=1

- (P4, ..., P;) is an optimal k-way partition of G w.r.t. p(k).
- cost(Ay, ..., Ax) <y - A (Xg) fory = 1.
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Structural Result Ai@ﬂ'

= Peng et al. [COLT’15] A;AP;
If Y := Ak_l_l/p(k) = .Q.(kS) then p(k) — lrer[lii)]g] d)(Pl)
= w(4;AP) < (v/Y) - u(Py) |

= Qur Result , k
If W= Apyiq/pave(k) = Q(k3) then Pavr(k) = Ez o (P;)
= u(A;AP;) < (v /Wk) - u(P;) t=1

- (P4, ..., P;) is an optimal k-way partition of G w.r.t. p(k).
- cost(Ay, ..., Ax) <y - A (Xg) fory = 1.
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Structural Result

= Peng et al. [COLT’15]
If Y = Agsq/p(k) = Q(k?) then p(k) = max ¢(P;)
" w(AAP) < (v/Y) - u(P) et
" p(A) <A +y/Y) o) +V/Y

= Our Result , k
If W= Apyiq/pave(k) = Q(k3) then Pavr (k) = ;Z o (P;)
" u(AAP) < (v/Wk) - p(Py) =1
" p(A) <A +Y/¥E) - o(P) +y/PEk

- (P4, ..., P;) is an optimal k-way partition of G w.r.t. p(k).
- cost(Aq, ..., A,) <y - Ak(fE) fory = 1.
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Structural Result

= Peng et al. [COLT’15]
If Y = Agsq/p(k) = Q(k?) then p(k) = max ¢(P;)
" w(AAP) < (v/Y) - u(P) et
" p(A) <A +y/Y) o) +V/Y

= Our Result , k
If W= Apyiq/pave(k) = Q(k3) then Pavr (k) = ;Z o (P;)
" u(AAP) < (v/Wk) - p(Py) =1
" p(A) <A +Y/¥E) - o(P) +y/PEk

How to find such k-way partition (4, ..., A;)?
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Algorithmic Result

= Peng et al. [COLT’15] Concentration

Y = Agy1/p(k) 2}(55) >
more restrictive by Heat Kernel and -
QO (k?*)-factor Local Sensitive Hashing
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Algorithmic Result

= Peng et al. [COLT’15] .
. Concentration
Y = Agq1/p(k) = Q(K>) >

more restrictive by} [ Heat Kernel and J/
g

QO (k?)-factor

Local Sensitive Hashin

O =)

V= Ags1/Pave (k) 2 -Q'(kg)

and A, (X0,) = n0M

= Our Result
A
[ and k-means Clustering

pprox. Spectral Embedding}
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Algorithmic Result

= Peng et al. [COLT’15] .
. Concentration
Y = Agy1/p(k) = Q(k>) >

[more restrictive by} [ Heat Kernel and }/
g

Q(k*)-factor Local Sensitive Hashin

= QOur Result

V= Ags1/Pavr (k) 2 -Q(kg) |
and A, (X)) = n 0@ and k-means Clustering

Approx. Spectral Embedding

This is the 15t rigorous algorithmic analysis of the
Standard Spectral Clustering Paradigm!
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Algorithmic Result

= Peng et al. [COLT’15] Concentration

Y = Aepr/p(k) = Q(KS) -
[Constant = 105} [ Heat Kernel and Local Sensitive Hashing }
= Our Result R coectral Embedd
pprox. Spectral Embedding
" Ak+1/pavr(k) = () k3) _
and k-means Clustering

and A, (X)) > n“)y

constant = 107 /e, | [eo — 6/107 is Ostrovsky et al’s [FOCS’13]}

k-means alg. constant (is not optimized!)
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Algorithmic Result

= Peng et al. [COLT’15] Heat Kernel and
If Y = Ag41/p(k) = Q(K>) then Local Sensitive Hashing
log?k
= u(A;AP;) < ( /Y) u(P;)
. log?k
= p(A) < (1+2EX/Y) - ¢(P)

= Our Result Approx. Spectral Embedding

If W= Appq/pavr(k) = Q) and k-means Clustering
and A, (X)) = n=°® then
= u(A;AP;) < (1/¥k) - u(P;)
" p(A) = (A +1/¥k) - ¢(P) + (1/VE)
ifnpi
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Algorithmic Result

= Peng et al. [COLT’15] Heat Kernel and
Y = Ay /p(k) = Q(K®) then Local Sensitive Hashing
2
= u(A;AP;) < (log k/Y) u(P;) Runtime: 0 (mlog®n)
n 2k
= p(A) < (1+2EX/Y) - ¢(P)
= Our Result Approx. Spectral Embedding
If W= Apiq/pavr (k) = Q(K3) and k-means Clustering
and A (Xy) = n~?t then Runtime: O <m (kz -+ 1nn)>
' A
" (1(A;AP) < (1/¥k) - 1(P) k+1

" ¢p(4) < (1 +1/¥k) - p(P) + (1/¥k)
Ifnpi
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Proof Overview

Exact Embedding Approximate Embedding
G > U, Uy > G
S B
SVD Xy = ====~ "ty Power Method
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Proof Overview

Exact Embedding Approximate Embedding

G < > U, U, > @
0(n®)

1 A (Xy) = A (Xy) I

~

Xy < > Xy

SVvD Power Method

Boutsidos et al [ICML’15] Let (A4, ..., A;,) be a partition such that
cost(A,...,A;) < (1 + y)Ak()?V)

then
cost(Aq,...,A;,) < (1 +4e)(1 + )AL (X)) + 4€?.
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Proof Overview

Exact Embedding Approximate Embedding
G < gk < > @
O(mkp + nk?)

A (26)) = Ak (X)) I

~

< > Xy
SVD No fast P.M. Power Method

No fast k-means

> U,
0(n®) I
Xy

1
p = f(n;logzy/’[k;/lk+1>

Boutsidos et al [ICML’15] Let (A4, ..., A;,) be a partition such that
cost(A,...,A;) < (1 + y)Ak()?V)

then
cost(Aq,...,A;,) < (1 +4e)(1 + )AL (X)) + 4€?.
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Proof Overview

Exact Embedding Approximate Embedding

G < > Uk Uk < > G
0(n®) O(mkp + nk?)

No fast P.M.
No fast k-means

1
F(v) =—=Ux(,:) F"(v)=LUk(v,:)

7, J,
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Proof Overview

Exact Embedding Approximate Embedding

G < > Uk Uk < > G
0(n®) O(mkp + nk?)

No fast P.M.
No fast k-means

1
F(v) =—=Ux(,:) F(v)=LUk(v,:)

7, J,

Questions:
1. Find an efficient k-means clustering algorithm for Xz ?
2. Extend Boutsidos et al’s [ICML’15] analysis?
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Proof Overview

Exact Embedding Approximate Embedding

G < > Uk Uk < > G
0(n®) O(mkp + nk?)

No fast P.M.
No fast k-means

1
F(v) =—=Ux(,:) F"(v)=LUk(v,:)

7, J,

Ostrovsky et al’s [FOCS’13] gave an approximate k-means algorithm
with fast runtime O (mk?), but requires [AR(X) <eb- Ak_l(X)}

where €, = 6/107.
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Proof Overview

Exact Embedding Approximate Embedding
G < // \\ > G
0 (n®) 1kp + nk?)
4 N
1 1
F(v) = — — U, (v,:)
Jd, d,
N ol

. /

Ostrovsky et al’s [FOCS’13] gave anxpproximate k-means algorithm
with fast runtime 0 (mk?), but requiresy A, (X) < €8 -Ak_l(X)]

where €, = 6/107.
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Proof Overview

Exact Embedding Approximate Embedding
G < > Uk l7k < > G
0(n®) I I 0(mkp + nk?)
A (Xy) = Ay (Xy)
Xy < > Xy
1 3 1
F(v) =—=Ux(,:) F(v) =—U,(v,:)
Vay d,
? /
- —_-——— - A
Fast k-means Alg. E o A+1 _ Q(k3)
runtime: O (mk?)
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Proof Overview

Exact Embedding Approximate Embedding
G < > Uk Uk < > G
0(n?®) Inn
1 A (X)) = A (Xy) I O(mk >
Xy < > Xy Ak+1
F(v) = — Uy (v, ) () = —— 0, (0,)
V) =——U\V,: F(v) = U, (v,:
Jdy Jd, -
? /
Xg«—=———- > X
Fast k-means Alg. E o A+1 :Q(k3)
runtime: 0(mk?) Payr (k)
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Proof Sketch (Overview)

Exact Embedding Approximate Embedding
G < > [J U, < > G

k
0 w
) I A () = A (Xy) I [0 (mk lnn)}

Ak+1

Extend

1 Boutsidosetal 1 _
F(v) = —Uk(v [ICML’15] Fw)=—0U,(,:)

Vdy
\ 8e(X5) = A (X))
[Fast K-means Alg} s XE‘\[ Ag+1 _ Q(k3)]
runtime: 0(mk?) / Pavr (k)
Ostrovsky et al’s [FOCS’13]
A(Xp) < €5 - De—r(X)

-
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Summary

= \We proved rigorously that
the Standard Spectral Clustering Paradigm
efficiently computes a k-way partition

under asymptotically less restrictive gap assumption.
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Open Problems

= Show that the SSCP has a good behavior on small graphs.
Our approach fails due to large constants in ¥ > Q(k°):

107 /e, - Ostrovsky et al. (is not optimized)

A (X)) < €5+ D_1(X), where e, = 6/107.
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Open Problems

= Show that the SSCP has a good behavior on small graphs.
Our approach fails due to large constants in ¥ > Q(k°):

107 /e, - Ostrovsky et al. (is not optimized)

A (X)) < €5+ D_1(X), where e, = 6/107.

= Can we obtain a multiplicative conductance guarantee:

P(A;) < (1 +y/¥k) - ¢(Pr) +>%
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Thank you!
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